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Abstract: The Cattaneo-Mindlin problem addresses the elastic spherical contact undergoing normal and
tangential loading, when the tangential force is less than a limiting value inducing a gross-slip regime. The
principles of problem digitization and the state of the art in solving the normal contact problem are
overviewed. A numerical model for the Cattaneo-Mindlin problem is advanced and solved via conjugate
gradient method. Shear tractions are derived as the solution of the linear system arising from discretization
of integral equation of deformation. Complementarity conditions, assessing the stick or slip status of cells in
the contact area, and static force equilibrium, are enforced during conjugate gradient iterations, thus
eliminating the need for additional iterative levels.

1. INTRODUCTION

As analytical models lack the mathematical support for solving the complex
equations arising in Contact Mechanics, numerical methods have found great applicability
due to their ability in simulating various scenarios of contact geometry or material
response. The search for refined algorithms, capable of solving fine meshes and complex
patterns of material behavior with a moderate computational effort, remains one of the
major challenges to be met.

The problem of elastic contact undergoing normal loading is usually solved under
the assumption that bounding surfaces are frictionless or cannot sustain shear tractions,
[10]. A numerical model to predict fretting wear under gross slip and partial slip conditions
was advanced by Gallego and Nélias, [5]. The point contact of dissimilar materials
considering tangential tractions was also investigated numerically by Chen and Wang, [4].
Their model was later applied by Wang, Wang, Wang, Zhu, and Hu, [12], to three-
dimensional contact involving elastic layered half-space.

A numerical model for the elastic contact with slip and stick, solved independently
by Cattaneo, [2], and by Mindlin, [9], for spherical contact geometry, is advanced in this
paper. The approach relies and on the similarity between the models for the normal and
for the tangential contact problems considered individually, and on the solution for the
elastic normal contact advanced by Polonsky and Keer, [10].

2. OVERVIEW OF NORMAL CONTACT PROBLEM SOLUTION

As numerical resolution of normal contact problem has reached maturity, only a
basic description of the algorithm is provided. The framework for the elastic normal
contact solver consists of the following assumptions / limitations:

1. Contact area is small compared to dimensions of the contacting bodies; consequently,
the half-space approximation holds.

2. Only small strains and small displacements are considered.

3. The contact is dry (not lubricated), and friction is not accounted for.

Numerical solution of elastic contact problem relies on considering continuous
distributions as piecewise constant on the elements of a rectangular mesh established in a
small surface domain D, expected to include the contact area. Individual patches, of area
A, are identified by a pair of indices (i, ]), with 1< j<N,, 1<i<N,, and N=N,N,. The
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nodal value of any continuous distribution, f(x(j),y(i)) over D is denoted by f(i,j). This

approach allows transforming the integral contact equation, for which analytical solutions
exist only in a few cases, in a linear system of equations in pressure. For the half-space
approximation to remain valid, the slope of composite geometry should be small all over
D.

Kalker and van Randen, [7], formulated the elastic contact problem with normal
loading as a problem of minimization, where the unknown contact area A. and pressure

distribution p, minimize the total complementary energy, under the restrictions that
pressure is positive everywhere on the contact area and there is no interpenetration:

h(i, j) = hii, ) +w(i, j) - @, (i,j) € D; oy
h(i,j)=0,p(i,j)>0,(i,j) € Ac; )
h(i,j)>0,p(i,j)=0, (i,j) eD-Ac; ®3)
A D pG, ) =W, (4)

(iLi)eA

where hi denotes the initial contact geometry, h is the gap between the deformed contact
surfaces, @ is the rigid-body approach, and W the normal load transmitted through
contact.

The model (1)-(4) can be solved efficiently using a modified conjugate gradient
method (CGM) originally proposed by Polonsky and Keer, [10]. This algorithm has two
main advantages. Firstly, convergence is assured, as mathematical proof of convergence
for the CGM was advanced, [6]. Secondly, the algorithm allows for imposing additional
restrictions during pressure iterations. Consequently, the a priori unknown contact area is
also iterated during pressure correction, by enforcing the complementarity conditions, Egs.
(2) and (3). The force balance condition in Eq. (4) is also imposed while solving the linear
system in pressure. This approach excludes the need for additional nested loops, present
in earlier contact solvers.

The model for simulating the normal contact was refined by Spinu and Diaconescu,
[11], allowing for an eccentric loading which causes the tilting of the common plane of
contact.

3. PROBLEM FORMULATION

Cattaneo, [2], and Mindlin, [9], proved that, if a tangential effort T smaller than the
one inducing a gross-slip regime, T,,, =W, with x the friction coefficient, is applied in
addition to a constant normal loading in a contact with Hertz geometry, the solution of the
adherent contact exhibits a singularity at contact periphery, leading to infinite shear
tractions. This solution verifies neither Coulomb law, nor Linear Elasticity equations.
Consequently, the considered problem cannot be solved in the frame of Linear Elasticity
unless a partial slip region is presumed. Therefore, any region in the contact area should
be in either slip (also referred to as micro-slip) or stick regime. On the stick area Ag,
where contact is adherent, a static friction regime is established, with vanishing relative
slip distances s between corresponding points on the limiting surfaces. In the slip area, a
kinetic friction regime occurs. In both regions, shear tractions q must obey Coulomb’s law
of friction, relating shear to normal tractions through frictional coefficient .

In order to obey the formalism of the Cattaneo-Mindlin problem, it is assumed that
the tangential loading consists of a tangential force T acting along direction of X, and the
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effects in the X and y directions are not coupled. The condition of deformation on the
direction of y is not verified, and contributions of tractions acting along y on the
displacements along X and z are also neglected.

Application of tangential force T leads to tangential displacements u and to rigid-

body tangential translation 6. The following discrete model for the Cattaneo-Mindlin
problem can be formulated:

s@i,j)=u(,j)-0o,3,]) € Ac; (5)
la@i, j)| < mp(i, ). s(i,j)=0,(,j) € As; (6)
ladi, )] = ™, |s@, ) >0, (,i) e A —As; (7)
A q@i,))=T. (8)

(i,i)eAc

4. ALGORITHM DESCRIPTION

At this point, solution of the normal contact problem is assumed to be known from
the algorithm described in [10]. Consequently, contact area A. and pressure distribution

p are known. The same grid is used in the tangential problem.
Stick area Ay and distribution of shear tractions q are the unknowns of the

Cattaneo-Mindlin problem. A comparison of models (5)-(8) and (1)-(4) suggests that the
same approach should be used to solve either tangential or normal contact problem.
Indeed, Eq. (5) reduces to a linear system of equations having the nodal shear tractions q

as unknowns, which can be solved on the stick area Ag, where the relative slip distances

s vanish. The system matrix, namely the influence coefficients matrix, is symmetrical and
positive definite, therefore conjugate gradient method can also be applied. The stick area,
namely the size of the system to be solved, is also a priori unknown. An iterative approach
is required to solve the model, and the strong point of CGM is that allows additional
restrictions (Egs. (6)-(8)) to be imposed during residual minimization. With this approach,
no additional iterative levels, needed to adjust the system size, or to impose the static
equilibrium, are required, resulting in increased computational efficiency.

When computing its elastic deformation, each body is regarded as an elastic half-
space. Therefore, tangential displacements u and w in Eq. (5) can be assessed by
applying superposition principle to the Boussinesq, [1], and Cerruti, [3], fundamental
solutions (or Green functions). The influence coefficients based approach proves its
versatility when combined with spectral methods [8] to accelerate the computationally
intensive multi-summation process.

Assessment of elastic displacement due to contact tractions (pressure p or shear

tractions q ) requires coordinate system transformation from the local ones, related to each

body, in which initial contact geometry is defined, to the global system. If we assume that
the latter matches that of body (2), relative displacement can be expressed as:

{ui =u® —u®;

w=w® +w®,

)
On the other hand, static force equilibrium requires that:
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@ _ n® _
{p p® = p; (10)

q? =—q® =q.

By plugging Eq. (10) into relation (9), one can obtain:

ul_ K +KG KZ-Kg o/ 1)
w| |K@-K® K@ +k®| |p]

zX

where symbol “®" is used to denote discrete cyclic convolution and K; is the influence

coefficients matrix expressing displacements in the direction of i due to a unit traction
acting along j . Computation of matrix K is detailed in Appendix. Eq. (11) suggests that,

in the general case, normal and tangential effects are connected, as shear tractions are
needed to compute the normal displacement, and contact pressure is required in
tangential displacement assessment.

The newly proposed algorithm for solving numerically the elastic contact problem
under partial slip regime can be summarized in the steps described in the following
paragraphs.

Firstly, the initial guess for shear tractions is computed from static force equilibrium,
Eq. (8), assuming all cells in the contact area are in stick regime. The mean value of
shear tractions over stick area makes a good first approximation, allowing inception of
iterative process. Auxiliary variables are initialized: =0, S, =1, as well as the descent

direction, the latter with vanishing values over A..

The following operations are looped until the imposed tolerance is reached.

1. Compute tangential displacement field over D using Eq. (11).

2. Estimate the rigid-body tangential translation 6. To this end, Eq. (5) is plugged into
relation (6), resulting in a linear system of equations having a number of equations equal
to the number of cells in the stick region. When convergence is reached, these equations
are not all independent. However, during iterations, they appear to be independent.
Therefore, to get the best estimate of &, the system is treated as over-determined, and the
best fit is sought:

5= Y u(i,j)/ > L (12)
(i,))eAs

(i.i)eAs
3. Start the conjugate gradient loop to solve Eq. (5) on the stick area. To this end,

compute the relative slip distances, which represent the residual in terms of CGM
formulation:

s@i,j)=u(i,j)-5.(,]) e A (13)
4. Compute the square sum of the residual on the stick area:

s= Y s2i,j). (14)
(i.))eAs
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5. Compute the descent direction d in the CGM algorithm. In the multidimensional space
of shear tractions q“, (i,j) e A;, every new descent direction is constructed from the
residual, so that it is K -orthogonal to all previous residuals and search directions:

d(i’j):{s(i,j)+d(i,j)89/80,(i,j)eAS; (15)

O!(i!j)epb _AS'
6. Overwrite the old value of the square sum of the residual with the newly computed one:
S, =S.

7. Estimate the convolution over D between influence coefficients matrix and descent
direction:

r=(K@+KQ)®d. (16)

8. Use this result to assess the length of the step to be made along the descent direction:
a=s(i,j)-d(, j)/Ir(i,))-d(, )], (i, ) € As. 17)

9. Memorize the current solution in a new variable in order to compute the relative error
between consecutive iterations:

Ao, 1) =a(i, ). (,]) e Ac. (18)
10. Update the system solution by making a step of length « along the direction of d :
q(,j) < a(i,j)—a-d(i,j),(,)) e As. (19)

11. Verify complementarity conditions in Egs. (6) and (7) to determine the stick or slip
status of every cell in the contact area. Cells for which Coulomb friction law is not verified
are removed from the stick region, and the corresponding shear tractions are set to the
value of limiting friction (or maximum static friction). In the same time, cells with micro-slip
vectors s(i,j) not opposite to corresponding shear tractions are removed from the slip

region and included in Aq.

q(i, j) < wp(i, j)-sign(adi, i), (i, i) {0, i) :[ad, i) > #pG, i)}, (20)
As A ={(,1):]ali, 1) > G, )} o{G, 0 ad, )G, §) > 0} (21)

If any cell is removed or reenters the stick area, auxiliary variable 0 is set to zero,
otherwise it is set to unity. This variable allows resetting the conjugate directions once
new cells enter or leave the system. Indeed, these new cells have no precedent in the
minimization process and therefore a new search must be conducted.

12. Impose static equilibrium by adjusting the current solution according to the following
relation:

q(i,j) «=a(i,j)+a, (i,j) € As, (22)
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where the unknown term a is computed by plugging Eg. (22) into Eq. (8):

a{m— > q(u)} 51 @)
(i.))eAc (i.))eAs
13. Verify convergence criterion:
> lati gl i) <e. (24)
(i,))eAc
The flowchart of the newly proposed algorithm is presented in Fig. 1.
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Figure 1. Algorithm flowchart for the Cattaneo-Mindlin problem

5. CONCLUSIONS

This paper advances a fast and robust numerical solver for the Cattaneo-Mindlin
problem, namely the problem of elastic contact undergoing normal and tangential loading,
when a slip-stick regime is established.

The state of the art in normal contact modeling is overviewed, as well as the
framework for the contact with tangential loading and friction. The equations related to the
tangential direction are: integral condition of deformation, written in the frame of half-space
theory, complementarity conditions, assessing the slip or stick status of every cell in the
contact area, and static force equilibrium.

The shear tractions are computed by solving via conjugate gradient method the
linear system resulting from digitization of integral condition of deformation along the
tangential direction. Complementarity conditions and the static force equilibrium are
imposed during iteration of shear tractions. The stick and slip regions, as well as the rigid-
body tangential translation, are determined in the course of conjugate gradient iterations.

The newly proposed algorithm is expected to solve the problem of slip-stick elastic
contact for any initial contact geometry in the framework of the half-space theory.

2.90



ANNALS of the ORADEA UNIVERSITY.
Fascicle of Management and Technological Engineering, Volume X (XX), 2011, NR1

ACKNOWLEDGEMENT

This paper was supported by the project “Progress and development through post-
doctoral research and innovation in engineering and applied sciences— PRIDE - Contract
no. POSDRU/89/1.5/S/57083”, project co-funded from European Social Fund through
Sectorial Operational Program Human Resources 2007-2013.

References

[1] Boussinesq, J., (1969), Application des potentiels a I'etude de I'equilibre et du mouvement des solides
élastiques. Reed. A. Blanchard, Paris.

[2] Cattaneo, C., (1938), Sul contatto di due corpi elastici: distribuzione locale degli sforzi, Accademia
Nazionale Lincei, Rendiconti, Ser. 6, vol. XXVII, p. 342—348, 434-436, 474—-478.

[3] Cerruti, V., (1882), Ricerche intorno all’equilibrio de’ corpi elastici isotropi. Rend. Accad. Lincei, vol. 3,
13, pp. 81-122.

[4] Chen, W. W. & Wang Q. J., (2008), A Numerical Model for the Point Contact of Dissimilar Materials
Considering Tangential Tractions. Mechanics of Materials, Vol. 40, pp. 936-948.

[5] Gallego, L. and Nélias, D., (2007), Modeling of Fretting Wear under Gross Slip and Partial Slip
Conditions. ASME J. Tribol.,Vol. 129, pp. 528-535.

[6] Hestenes, M. R., Stiefel, E., (1952), Methods of Conjugate Gradients for Solving Linear Systems.
Journal of Research of the National Bureau of Standards 49 (6).

[7] Kalker, J. J., van Randen, Y. A., (1972), A Minimum Principle for Frictionless Elastic Contact with
Application to Non-Hertzian Half-Space Contact Problems. J. Eng. Math., Vol. 6(2), pp. 193-206.

[8] Liu, S.B., Wang, Q., and Liu, G., (2000), A Versatile Method of Discrete Convolution and FFT (DC-FFT)
for Contact Analyses. Wear, 243 (1-2), pp. 101-111.

[9] Mindlin, R. D., (1949), Compliance of elastic bodies in contact. ASME J. Appl. Mech., vol. 16, 1949, p.
259-268.

[10] Polonsky, I. A., and Keer, L. M., (1999), A Numerical Method for Solving Rough Contact Problems
Based on the Multi-Level Multi-Summation and Conjugate Gradient Techniques. Wear, 231(2), pp.
206-219.

[11] Spinu, S., and Diaconescu, E., (2008), Numerical Simulation of Elastic Conforming Contacts under
Eccentric Loading. Proceedings of the STLE/ASME International Joint Tribology Conference 1JTC2008,
Miami, Florida, USA.

[12] Wang, Z. J., Wang, W. Z., Wang, H., Zhu, H. & Hu, Y. Z., (2010), Partial Slip Contact Analysis on
Three-Dimensional Elastic Layered Half Space. ASME J. Tribol., Vol. 132, pp. 021403-1 - 021403-12.

APPENDIX

Elastic displacements u; along direction of i due to a unit concentrated force

acting in origin along direction of | were derived by Boussinesq, [1], if j=z, and by
Cerruti, [3], for j=x:

1 (1 x* 1-2v x2 _
uxx(x’y’Z)ZM{FJrrTJr r+z {1_r(r +z)}}’ )
U, (X,y,2) = i{é +2(1- V)}} : (26)
Amu| r r
1 | xz X )
batiyd)=uutiy) = --20 ) 0

where r =/x? +y? +22.
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If the steps of the grid in the corresponding directions are denoted by A, and A,

with A=A,A,, then the influence coefficients matrix in Egs. (11) and (16) can be

computed using the following relation:

K G, 1) = KR () + A /2,y () + A, [2) + kR (X() = A, /2,y (1) - A, /2)...

(28)
—Kin (X(D)+ A /2,y() = A, [2) = KR (X(1) = A /2,y () + A, /2),

with functions k" defined as primitives of functions (25) - (27):
1+v™
k&P (x.y)= m[y In(x +x2 +y2)—y +(1- v(”))xln(y +yx?+y? )} (29)
1—(1/(”))2
kD (x,y)= W[xln(xz +x% +y? ) +y In(xl +yx*+y? )} ; (30)
(MY(1_2,M 2 2
KD (x,y) =k (x,y) = -2y ){ZXtan{—“x Y yJ—y'”(VXZ +y2)], (31)
X

27EM

where E™ and vV are the Young modulus and the Poisson’s ratio of the body (n),
n=12.
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